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abstract: We present certain norm-compatible systems in K 2 of function fields of 
some CM elliptic curves. We demonstrate that these systems have some properties 
similar to elliptic units. 
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§1 Introduction. Elliptic units are systems of units in abelian extensions of imag- 
inary quadratic fields which are defined by evaluating some functions on CM elliptic 
curves at torsion points. These units play an essential role in Iwasawa theory of 
imaginary quadratic fields ([dS],[Ru] etc). In this paper we present certain systems 
of K 2 of function fields of CM elliptic curves. These systems are considered by 
Scholl ([Sch]) in a more general setting. We show that these systems have two 
similar properties to elliptic units. 

First, in §2 we demonstrate that we can apply the theory of Coleman power series 
for K 2 of 2-dimensional local fields constructed by Fukaya ([Fu]) to our system. We 
show that the "Coleman power series" of our systems, which are elements in K 2 of 
some power series rings, are explicitly described. In §3 we modify our systems so 
that they are in the kernel of tame symbol maps. Using the result of §2 we will give 
a sufficient condition for the images of those systems to be non-zero under Chern 
class maps to Galois cohomology groups. 

Second, in the appendix we show that our systems form Euler systems similar to 
those of elliptic units. 

By [Sch] one can see that systems like ours also exist in higher i^-groups of 
function fields of products of elliptic curves. This fact seems to suggest (to this 
author) that there is a further generalization of the theory of elliptic units and 
Coleman power series to higher i^-groups. 



1 The author was partially supported by JSPS Postdoctoral Fellowships for Research Abroad 
from 2000-2001. 
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The following question is asked by the referee: 

Is there interpretation of the function which appears in corollary 3.4 in terms of 
L-function? 

Acknowledgment. The author would like to express his gratitude to Prof. K. 
Kato for valuable suggestions and to Dr.T. Fukaya for showing her paper at an early 
stage. He is also grateful to the referee for valuable comments on the first version 
of this paper. This work was carried out while the author stayed at Department of 
Mathematics, the University of Chicago. He is thankful to the people at Chicago 
for their hospitality. 

Notations. 

K: an imaginary quadratic field, 4 

E: a CM elliptic curve, 4 

F: an abelian extension of K, 4 

ip: the Hecke character of F associated to E, 5 

<fi: a Hecke character of K such that ip = o N F / K , 5 

f: conductor of E, 5 

p: a rational prime, 5 

p: a prime factor of p in Ok, 5 

tt: 0(p), 5 

a: an integer relatively prime to 6pf, 5 

g a : a rational function on E, 5 

v n : a generator of E[K n ], 5 

T y : translation by a point y, 5 

F n : F(E[n n ]), 5 

a n : an element of K 2 (F n (E)), 5 

W: the Witt ring of f^, 6 

*J}: a prime of F over p, 6 

Sw'- the formal completion of a projective smooth model of E, 6 

6: an isomorphism G mW — > Ew, 6 

<fr: Frobenius of W, 6 

t: a parameter on Sw, 6 

s: the standard parameter on G mW , 6 

(Cn)n<i: a basis of Z p (l), 6 

H: p-adic completion of W((s)), 6 

ff n : i?(s n , (n), 6 

S: Ojrtte-1]], 6 

5': ^[(e-1)- 1 ], 6 



v, a, <p: endomorphisms of S, 6 

h: an isomorphism K 2 (S') ANrtp=1 ~ hm n K 2 (H n ) A , 7 
G fc : Gal(k sep /k) for a field fc, 7 

M): fT^Gfc, M) for a G fc module M, 7 
A, 9: homomorphisms |im n Kr>{Hn)^ — > 7 
g : s + 1, 8 
n : (9*" n *a n , 8 

?£, 9 
F^: F(S[a7r»]), 9 

a4: an element of K 2 {F n {E)), 9 

T; 9a , 11 

§2 norm-compatible systems in K 2 . 

A general reference for this section is Chapter II of [dS]. We fix an imaginary 
quadratic field K. Let Ok denote the ring of integers of K. Let F be an abelian 
extension of K and let E be an elliptic curve over F which satisfies the following 
conditions: 

(i) E has complex multiplication by Ok, and 

(ii) F(Etors) is an abelian extension of K. 

Here F(E tors ) denotes the field generated by coordinates of torsion points of a 
model of E over F. If ip is the Hecke character of F associated to E, then the 
condition (ii) is equivalent to the existence of a Hecke character of K such that 

ip = <P°N F/K - 

Let f be the conductor of E and let p > 3 be a rational prime which is relatively 
prime to f and which splits completely in F. Let p = pp be the decomposition of p 
in K - We write n = 0(p). Note that p = (tt). We assume that Gal(F(E[p n ]))/F ~ 
{0 K /{p n )Y for all n > 1. 

Let a be an integer such that (a, 6pf) = 1. Then there is a function g a e F(E), 
which is called the Kato-Siegel function in [Sch] . We now state the properties of g a 
which will be used in the subsequent discussions. 

(a) divg a = a 2 (0) - E[a\. 

(b) For any isogeny j : E — > E defined over F such that (degj, a) = 1, <7 a = <7 a . 

(c) [a]*# a = 1. 

(d) [— l]*<7 a = (7 a . (This is a special case of (b)). 

Here for an element u of Ok, [u] stands for an element of End(F), which is justified 
by the condition (i) . In our situation, the property (b) is equivalent to the following 
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distribution relation 

IJ 9a(y) = 9a(x). 

We fix a system (v n ) n >i of torsion points of E(F) such that for each n > 2, v n is 
a generator of -E[7r n ] and that [ir]v n = v n -±. 

For a point y on E we denote by T y : E ^ E the translation by y. For n > 1 
consider the element 

a n := K, T*^} G K 2 (F n (E)). 

Here F n := F(£[7T n ]) and F n (E) is the function field of £ F „ = E x F F n . This 
element is considered by Scholl([Sch], Appendix) in a more general setting. The 
following lemma claims that the system (a n ) forms an norm-compatible system. 

Lemma 2.1. For n > 2, the equality 

[n]*N Fn{E)/Fn _ l(E) a n = a n - x 

holds. 

Proof. This is another way of describing (EN1) in loc.cit. We will give a proof by 
calculation of symbols. 

Ar F„(E)/F„_ 1 (E)ttn = {g a , IJ T* n+V g a } = {g a , [n]*(T* n _ iga )} 

veE[n] 

where the second equality holds by the distribution relation mentioned above, and 
[nUg a , [nr(T: n _ i9a )} = {[tt]^, T^^} = {g a , T^_ l9a }. 

We will apply the theory of Coleman power series for K 2 constructed by Fukaya 
[Fu] to this system. As at present her theory treats only the multiplicative group, 
we need to construct an isomorphism from E to the multiplicative group. For this 
we will take the formal completion of E along the 0-section. 

We will follow the argument of §4. 3, Chapter II of [dS] rather closely. Let F' = 
F(E[ft oc ]) and let R be the completion of Of 1 ®o k Ok p - Since the prime p finitely 
decomposes in F' , R is a direct sum of local rings. Fix a direct summand of R 
and denote it by W. Let ^3 be the prime of F over p which corresponds to W and 
let £ be a smooth projective model of E over Oprp = Let £\y be the formal 
completion of £ Xz p W along the 0-section. Then by Proposition 4.3 in Chap. 2 of 
[dS], there is an isomorphism 
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which satisfies the equality [it] o 9 = 9® o \p] . Here $ is the Frobenius automorphism 
of W. We fix a parameter t of £\y and let s be the standard parameter of G m w 
For n > 1, define ( n G Frac(W) by the equality t(v n ) = 9® ™(£ n — !)• Then we see 
that the system (Cn)n>i is a basis of Z p (l). 

Now we will review the theory of Fukaya in the form we will use in the subsequent 
discussions. 

Let H be the p-adic completion oiW((s)), the function field of G mW . Consider a 
tower of field extensions (H n ) n >i where H n := H(s n , ( n ) and (s n _i + l) = (s n + l) p 
for n > 1. so = s by convention. 

We set 5 := 0#[[e — 1]] to be the ring of formal power series and write 5" = 
S[(e — l) -1 ]. Consider the ring homomorphisms v, a and (p : S' — > 5" defined as 
follows: 

z/ is defined by u(e) = e p and ^|o w = the identity. The homomorphism a is 
defined by a"|o H = [p]* <g> $ and cr(e) = e. The homomorphism </? is defined by the 
composition: ip = v o a. The following theorem is a part of Theorem 1.5 of [Fu]. It 
asserts the existence of Coleman power series: 

Theorem 2.2. There is a canonical isomorphism 

h: K 2 {ST Nrip=1 ^UmK 2 (tf n ) A 

n 

induced by 



Here Nr^ is the norm map on K2(S') induced by the finite morphism cp and * 7Vr ^ =1 
means the fixed part of * under Nr v . The map o~ n : H H n is the composition 
ofid®Q~ n : H — > H and the inclusion given by s i— > s n . The symbol A means 
certain completion. 

Also there is a fact which corresponds to the explicit reciprocity law. It asserts the 
coincidence with — sign of the two homomorphisms A and d defined as follows. 
For a field k, we write Gt for Gal(k sep /k). For a Gk module M, we write H l (k, M) 
for H^Gk, M). 



A : }hnK 2 (H n ) A ^ hjntf 2 (tf n , (Z/p n Z)(2)) 

n n 

U{ H"^mH 2 (H n , (Z/p»Z)(l)) 

n 

Cor ^i^ hmtf 2 ^, (Z/p»Z)(l)) 

n 

= H 2 (H l , Z p (l)) 

^H 2 {H^ c p (i))~n^. 

The last isomorphism is due to Hyodo [Hy] . Here is defined to be Q ® Oo Jfl 
where Q 1 0l := fimO^ /z . 

n 

The homomorphism d is defined using the map h in Theorem 2.2: 



9 : hmif 2 (tf n ) A K 2 {S') Nrv=1 

n 

d ^ s Q 2 (log) = ^dlogfo) A dlog(e) 
(AdMf))" 1 5 . dlog( ,) 
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where g = s + 1 and the last map is defined by 

f(e)d\og(q)^-(a- 1 f)(Ci)d\og(q). 
V 

The modules fig (log) and fi|(log) are defined as follows: 
Let 

nJ /z (log) := (fi^ /z ©S® z S'*)/N 

where N is the S submodule generated by elements (—da, a <E> a) for a G S (~) S'* . 
The class (0, 1 (g> a) is denoted by dlog(a). The module fig (log) is defined by 

fi 2 (log) = hm A 2 ^ /z (log)/p" A 2 fl£ /z (log). 

By proposition (19.3.5) of [Gr], S 1 is formally smooth over Z, so by corollary 
(20.4.11) of loc.cit. n 1 s/z (log)/p n n 1 s/z (log) is a free S/p n S module on dlog(e - 1) 
and dlog(q). Hence fi|(log) is a free S module on d\og(q) A dlog(e — 1). 
The map dlog : K 2 {S') — > fi|(log) is described as {f,g} i— > dlog(/) A <ilog(^). 
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Theorem 2.3 (Theorem 2.4 in [Fu]). 



A = -d. 

For n > 1, set /3 n := 6>* ct n G K2(H n ). Since [p]*6>* = 0**[7r]* it follows that 
(Pn)n is an element of |jm n K2(H n ) where projective limit is taken with respect to 
norm maps. 

The following is our main result: 
Theorem 2.4. We have the equality 

h-\(P n ) n ) =B := {9*g a (s), 0*g a (a[+]^ w e - 1)}. 

Proof. First of all, note that since g a (t) e t 1 '^ W[[t]]*, 6*g a (s) e s 1_a2 W[[s]]* C 
0* H . Since 0*g a (s{+\^~ - 1) is of the form 9*g a (s) + (e - l)/(s,e - 1) with 
/(s,e — 1) G S, it belongs to S*. It can also be checked directly that h n (B) = (3 n 
for n > 1. What remains is to show that Nr^B — B. 



Nr^B =Nr a o iVrvB 

=Nr a o{6*g a , U 9 *9a(si+]^ w (e-l)} 

=Nr a o{e*g a , J] ^(4+fc^-lt+l^C-l)} 

=iVr. o {0*g a , J] - 1)[+]^(9(C " 1))} 

=N r<r o{e* ga , n J.W+fc^- 1 )!^)} 

u6_E[7r] 

=iVr CT o {tf*^, ^([jrKfl^H^e - 1)))} 
=iVrv o {6*g a , gaWQpM+fae - 1)))} 



=iVr fJ o {9*g a , m0 9 *9a){s[+]^ w € - 1)}. 

Since a = \p\* ® <£>, iVr^ = <£> _1 o [p] + . From this and the equality \p]*(9*g a ) = 
0**[Tr]*g a = 9**g a it follows that Nr v B = B. □ 

Let D be a differential operator on if defined by D = q-^. Then by straightforward 
calculation we obtain the following corollary. 
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Corollary 2.5. 



d(((3 n ) n ) = V^log^X*) x Dlog(e*g a )(s[+]^ mw C 1 - l))d\ogq. 



§3. Elements in the kernel of tame symbol map. 

For n > 1, let F' n := F(E[an n ]). For a point 7 G £[a], let a£ := T*a n G 
K 2 (F^(E)). We set 

jEE[a] 

We can check that for n > 2, 

in a similar way as in the case of a n . We have the following exact sequence ([Qu]): 
© K 2 (k x ) ^ K 2 (E Fn ) ^ K 2 (F n (E)) x ^ © 

x<EE(F) xeE(F) 

where r is the restriction, N is the norm and for x G E(F), t x is defined by 

ford x g 



forcing 



By this exact sequence we see that [7r™]*[7r n ]* Yl a Z = X] T*a n is in the 

-yEE[a] u£E[a-!T n ] 

kernel of © _ t x , and since the map [7r n ] : E — > E 1 is etale, it follows that 
© tx(k Tl - 1 ]*an) = 0. 

xeF(F) 

Hence there is an element A G K 2 (E Fn ) such that r(^4) = [/t"- -1 ]*^. Since K 2 of 
number fields is torsion ([Ga]), A is well defined up torsion. 

Lemma 3.1. Let V P (E)(1) := T P (E)(1) © Q and set F^ := F(E[n 00 ]). Then 

(V p (E)(l)/T p (E)(l)) G ^=0. 

Proof. There is a decomposition T p (E)(l) = T p (E)(l) © Tp (E)(1), so we will treat 
each factor separately. The factor T p (E)(1) is isomorphic to Z p (l) asaGi?^ module. 
By corollary 1.7 in Chap. II of [dS], the fields i 7 !^ and F(E[tv°°]) are linearly disjoint 
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over F. Since Z p (l) ~ T p (E)®Tp(E), the fields F^ and the field F(C P °°), generated 
by p-power roots of unity, are also linearly disjoint over F. Hence the assertion holds 
for this factor. 

As for Tp(i?)(l), it is isomorphic to Z p (2) as a Gf^ module. Since p > 3, the 
assertion holds for this factor as well. □ 

By the lemma, i? 1 (F n , T p (E)(l)) has no torsion and we have a well defined class 
d([n n - %a' n ) :=d(A) E H 1 (F n , T p (E)(l)). 

— n+ 1 * 

We set P' n := 6 a' n E K2(H n ). Since all the points in E[a] are rational over 

FracVF and 0**[7r]# = [p]*6>*, we have the equality 

P'n = K : F]\p}* 

-yeE[a] 

One can check that (f3' n ) n form an element of Hm n Ki{FLn) in a similar way to the 

case of [3 n . 

It can also be shown that #*([7r n_1 ]*o4) = [p n ~ 1 ]*P' n - By (5.10) in [Fu], we have a 
commutative diagram 

}im n K 2 (H n r — ^ hm n # 2 (#n, Z/p"Z(2)) tf 2 (#!, Z p (l)) 



Cor H„/ffi(C,i) 



id 



hm n K 2 (if 1 (Cn)) A — ^ Pffi n ff 2 (ff 1 (( n ),Z/p"Z(2)) tf 2 ^, Z p (l)) 

Here Ci = Cor Hn/Hl o U(Cn)" 1 and C 2 = Cor Hl(Cn)/Hl o U(Cn)" 1 - By this diagram 
it follows that if d{{(3' n ) n ) ^ 0, then c7([p n_1 ]*/%) 7^ for sufficiently large n. 
It implies that ^ c/([7r n_1 ]*a^) G H 2 (F n y(E), Z/p n Z(2)) where F n$p is comple- 
tion of F n by the prime over 

Consider the restriction of c/([7r n_1 ]*a4) to H l (F n fp, T P (E)(1)). We need a split- 
ting H l {F n y, T P (E)(1)) -> H 2 (E FnV , Z/p n Z(2)) and the following lemma enables 
us to define such a splitting. 

Lemma 3.2. §H 2 (F n ^, Z/p n Z(2)) = $H°(F n y, Z/p n Z(-l)) zs bounded wito re- 
spect to n. 

Proof. Considering the Weil pairing i?[7r n ] x i?[7f n ] — > /^n, we see that if F n ^ D 
F<$(fi p ™) for a number m < n, then F n «p D Frp(.E , [7f m ]). Since is finitely decom- 
posed in F(E[7r°°]), the residue field of Frp(E[7t°°])is ¥ p . As F n <$ is totally ramified 
over F<p, it follows that m is bounded. □ 

By this lemma we have a number M which is a power of p and a map 

« n : ^(F n(p , T P (E)(1)) -> # 2 (i^, Z/p"Z(2)) 
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for each n > 1 such that 



u n (cl([7r n -%a' n ) = Mcl([7r n -%a' n ). 

Noting that the action of the Frobenius $ on E[a] is by 7r, one can show the following 
in a similar way to the proof of Theorem 2.4. 

Theorem 3.3. For 7 G E[a], set gj := T*p a . T/ien we have the equality 
h- 1 m)) = B f :=[F^:F]\ P U E {0*92, ^W+fc^ " !)}• 

7£B[a] 

Since dlog and the pull back [p]* commutes on 5", it also commutes on K 2 (S'). As 
[p]*S' = [F<{ : F] E E 

CP=l 7 eE[a] 

{^(^W^C - i),e* 9 2(s[+]trC - e - 1)} 



we see that 



C p = l7eS[a] 

x ^log^^Hg^^C - i[+]^ w Ci - i))dlo g? . 

We write the last term as ^^■$>~ 1 G(s)dlogq. 

Let A : .E — > G a be a logarithm defined over F and let z be the parameter of 
G a such that z = X(t) = t + ■ ■ ■ . We have the equality 

Op— o A*^* = A*#* o D 
dz 

where fi p G W* is such that t = 9(s) = Q p s H . Let f : £(C) -> C/L be 

the inverse of the analytic uniformization associated to dz. Here L is the period 
lattice of dz. For a point u G i£[7r], ^A*(72(-2[+]g ^( u )) ^ s tne Taylor expansion 
of -^£,*g2( z + at ^ = 0. Hence by looking at G(s) we obtain the following 

corollary. 

Corollary 3.4. 

If the function 

E E ^g^92)(z + C(v))x^-log^g2)(z + ^v + Vl )) 

vEE[n] 7£E[o] 

on C/L is nonzero, then cl([7T n ~ 1 ]^a' n ) is nonzero for sufficiently large n. 
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Appendix: Euler Systems. Let S be the set of ideals of Ok which are divisible 
only by primes which split completely in F and which are relatively prime to fa. 
For each m G 5, Let F m := F(E[m}). Fix a system of torsion points (i> m )mes such 
that 

(1) v m is a generator of E[m] for each m G S. 

(2) If rri2 = min with m.2 G <S, then v mi = 4>(n)v m2 . 

We set a m := {g a , T* m g a } G K 2 {F m (E)) and set a' m := [</>(»]* E T*a m . Then it 

lEE[a] 

is seen that a' m G r(Ep m , JC2) in the similar way to the argument in the beginning 
of §3. So that there is a class cl(a' m ) G H 1 (F m , T p (E)(l)). In the similar way to 
the proof of (EN1) in ([Sch], Appendix) one obtains the following result: 

Proposition A.l. Let m G S and assume that l|m for a prime i. Then the follow- 
ing equality holds: 

«m/l [2 ! m 

The classes cl(a' m ) satisfy the same relation as a' m . This implies the classes cl(a' m ) 
form an Euler system. 
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